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ABSTRACT
Let P = z™ + Pa_1(g)z™ 1 + - + Po(¥),Q = 2™ + Qm2(y)z™ 2 +
-+ ++Qo(y) belong to K|[z,y], where K is a field of characteristic zero. The
main result of this paper is the following: Assume that P:Qy — PyQ. = 1.
Then:*
(1) K[Qm-2(¥)-..,Qoly)] = K[y],
(i) K[P,Q] = K[z,y] if Q = z™ + Qr(y)z* + Qr(y)=".

Introduction
Let K be a field of characteristic zero and let P,Q € K|z, y] satisfy the Jacobian
identity: P;Qy, — PyQ. = 1. Such a pair of polynomials is called a Jacobian pair.
fP=z"+ Pn—l(y)xn_l +--t PO(y)1 Q =z™ +Qm—2(y)xm—2 +- QO(y)a
and m > 2, then we have a reduced Jacobian pair. It is easy to see that every
Jacobian pair can be transformed into a reduced one. In this paper we will be
interested in special properties of reduced Jacobian pairs. The famous Jacobian
Conjecture states that every Jacobian pair generates K|[z,y]. To the best of my
knowledge, it is still unproven.

Perhaps a brief historical note is in order. Let d; = deg P,dy = deg Q. There
are proofs of the Jacobian Conjecture for special values of d; and d2. Magnus
([6], 1955) showed that the conjecture is true if dy or dy is prime. Then Nakai
and Baba ([9], 1977) proved the conjecture if d; or dy is 4 or d1 > d2,d; = 2p and

* Some of these results were presented at the Luminy Conference on the Polynomial

Automorphisms in October 1992.
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p > 2 is prime. This result was generalized by Appelgate and Onishi ([2], 1985):
they proved the conjecture for the case when d; or d; has at most two prime
factors. This result was reproved by Nagata ([8], 1988). See also Nowicki ([10],
1988). In 1983 Moh ([7]) showed, using a computer search, that the conjecture
is true if both d; and d; < 100. An excellent review of the problems related to
the Jacobian Conjecture and of several faulty proofs can be found in [3].

In this paper we develop a technique which enables us to prove the Jacobian
Conjecture in some partial cases and gives a new and promising perspective on
the general case. The technique is based on so-called Toeplitz sequences. These
sequences are defined and their properties are established in Section 1, which
is purely technical and should be mainly used as a reference section. The first
non-trivial result is obtained in Theorem 2.2: If P,Q is a reduced Jacobian pair,
then K[Qm-2(y), -+, Qo(y)] = K[y]. So every reduced Jacobian pair determines
a certain embedding of a line into K™~!. Special properties of this embedding
are studied in Section 2 and Section 3. Proposition 2.4 establishes necessary
and sufficient conditions for @ = 2™ + Qm_2(y)x™ 2 + .-+ + Qo(y) to have a
Jacobian mate of z-degree n. (A result in this direction was obtained in [4]. Both
the result and the technique used are quite different from ours). In Section 3 the
so-called fundamental system for P, @ is introduced. This system of polynomial
equations in Qm—2(y),. .., Qa(y) has very special properties and contains crucial
information about the embedding of a line into K™~! determined by P, Q. The
main result of Section 3 is that the Jacobian determinant of the fundamental
system is a non-zero constant. This fact is used in Section 4 to prove a special
case of the Jacobian Conjecture, which is, I believe, quite a new result (Theorem
4.1). The proof is based on the results of Section 3 and on the Abhyankar-Moh
Theorem. Since there exists a result similar to the Abhyankar-Moh Theorem for
higher-dimensional spaces, it looks very promising to try methods similar to the
ones used in Section 4 in the general case.

1. Toeplitz sequences

Throughout this' paper K will denote a fixed algebraically closed field of
characteristic zero.

Let k£ be an integer and let r be a non-negative integer. Let

F={..,F,Fi,...,F}
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be a sequence with the following properties:
(i) The terms F; belong to K|z, - - 2).
(ii) The sequence F is infinite from the left and terminates at the index k.

Let Sk, denote the K-linear space formed by all such sequences.

Definition 1.1: A sequence F € Sy, is a Toeplitz sequence if the following
conditions hold for all ¢ > k:

) OFiy1  OF; .
=—  for 0<
(i) T 0 or 0<j<r,
] . 2 r . l
(i) oF; i+ Jj__ O0Fi4,

0z, T+2 w2 7‘-{-22J 0z;
i=0

All Toeplitz sequences belonging to Sk, form a K-linear subspace T}, of Sk .
We will primarily be interested in a special class of Toeplitz sequences:

Definition 1.2: A Toeplitz sequence F = {..., Fy,..., Fy} is of height n if
F,#0and F;=0fori>n.

All Toeplitz sequences of height at most n, belonging to T} , form a K-linear
subspace T¢' . of T, . Elements of T,z‘,r will be written in the form {F,,..., Fi}
with the understanding that there are infinitely many zeroes to the left of F,,.

For every pair of integers n > k we define the truncation map Tert Tgp =

Ty, - in the obvious way:
T’g’r({Fn, ey Fk+1, Fk}) = {Fn, ey Fk+1}.

LEMMA 1.3: Ker7i, >~ K.

Proof: Ker 7, consists of all elements of T}, of the form {0,...,0, F}. These
elements are Toeplitz sequences. Therefore:

. 0F,  0Fiq 4
— = " = f .
(1) 95~ dm 0 or j<r
. aFk k +2 . ] 3Fk+2
(i) 0z, r+2 k+2 jgo r+ 2z’ 0z;

Thus F), € K, which concludes the proof.
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PROPOSITION 1.4: 7 js surjective.

Proof: 'We have to prove that for every Toeplitz sequence {F,,..., Fxy1} there
exists a polynomial F, € K|z, ..., zo] such that the sequence {Fy,..., Fry1, Fx}
is Toeplitz. Set:

8Fiy1 .
fi= 32”1 for 0<j<r,

-

- N, OFkys

fr= 1‘+2Fk+2 Zo 42721 "az;
J=

Now we have to prove that 8f;/8z; = 0f;/dz;. To do this, we have to consider

the following two cases:

CASE A: i<r j<r.

In this case
OFy OFky2
% - 82Fk+1 — a( dz; l) — a ( 82,‘+1 ) — a2Fk+2
8z,~ 6zi6zj+1 aZj.H 6Zj+1 az,~+1<’)z,-+1
and OFyy 8F 4
% _ 32Fk+1 _ a( 8:,- 1) _ 0 ( Bz;.lz) _ 32Fk+2
sz 8z,~+laz,~ 8z,~+1 6z,~+1 azj+16z,-+1 )

So in this case 8f;/8z; = 8f;/0z;.

CAsEB: i<r j=r.

In this case
af, _ k+20F42 _ 1 6Fk+2 ° ] 32Fk+2
8z, 142 8z r+2 8z or + 2 8z18zJ
_k+2-i0F ~ _J 62Fk+2
Toor+2 9y o + 2 az,azJ
On the other hand
o (8fes1 0 r+2 i Fits - ZT: aJEZJ ag,; )
af,‘ _ 32Fk+1 ( 8z, ) _ j=0
8Zr - 82,8z,~+1 - 6z,-+1 32,'.'.1

_ k+30Fi43 _ i+1 6Fk+3 ~ j I, 62Fk+3
Tr +2 6z,-+1 r+2 3zi+1 iz 7'+2 3Z]3Z,+1

_k+2-i0Fky2 ij 82Fk+2=%
T oor+2 0y 7‘+2Jé?z,6zz 0z
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This concludes the proof of the fact that 8f;/0z; = 8f;/0z; for all permissible
1,j. There exists, therefore, a polynomial Fy, € K|z, ..., zo] so that 8F/dz; = f;
for 0 < i < 7. Recalling the definition of the f;’s, we see that {F,,..., Fr41, Fr}
is a Toeplitz sequence. This concludes the proof. | |

PROPOSITION 1.5: dimTy, =n—k+1.

Proof: The proof is by induction on n — k:

(i) n—k=0.

In this case dim T}, = 1 since, obviously, dim T, ~ K.
(i) n— k>0 and dimT},,  =n-Fk.

In this case we have a sequence of K-linear spaces:

e
0—Kerrg, » Ty, — T4, — 0.

This sequence is exact since 7, is surjective by Proposition 1.4. Then dim 7, =
n —k + 1 since dimKer7i, = 1 by Lemma 1.3 and dim},, . = n — k by our
induction hypothesis. This concludes the proof. |

Now we are able to construct a convenient basis for 7T7,. For s < n set

irtetig—1
0 -t +2)
— t=0 1:, - io
Gs,n - Z 'Lr! . ZO'(T + 2)ir+‘u+i0 zr ZO .

i+ +(r42)ipg=n—3s
Remark: Note that G, =1,Gn-1n = 0.

LEMMA 1.6:

ki

0G4 n
Y (r+2-5)z—"" = (n—5)Gsn.

dz;
3=0 J

I

Proof: Straightforward.
LEMMA 1.7:

aGs n n . aG.~z+r— i+2,m
—_ = __—G s —_ z..__l_’-’
6z]- r+2 str=jtin ; : dz;
Proof: Straightforward.
For n > t > k consider the following sequence:

n—t

e N—
B, ={0,...,0,Ges,...,GCre}-
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PROPOSITION 1.8: Bj . is a Toeplitz sequence.
Proof:

. aGs-Q—l t 8G3 ¢ -
— T = 2 N
(i) 20m o, or j<r

This follows immediately from Lemma 1.7.

(i) 0Gsy Z 2, 2ot 0Gs10

8z,. Tr+2 Gotae = 0z;

by Lemma 1.7.
On the other hand, it follows from Lemma 1.6 that

r

oG
S r+2-4)z 3;“ = (t— 5= 2)Goyas-
j=0

This is equivalent to

T

0Goqot t—s— OGsyat
Zz" 3Zj N T+2 Us+2t+z +2] sz ’

j=

Therefore
8Gsyg t t—s—2 . J 8G3+2,t
%7 —ri2 2G3+2,t airer Gogort — JZ T 3z,
_s+2 Giors - 3 3Gs+2c
P2 T LT g,

This concludes the proof. |

So for given n and k, we can construct n—k+1 Toeplitz sequences: By, B,’c';l,
. B,’jyr. The height of each one does not exceed n and they are linearly indepen-
dent over K (see Remark). These sequences, therefore, form a basis for 77, .2

2. Reduced Jacobian pairs

For a pair of polynomials A, B € K|z, y] let [A, B] denote the Jacobian deter-
minant A;By — AyB;. The operation [, | imposes a Lie-algebra structure on
K|z, y].

A pair P,Q € K|[z,y] is called a Jacobian pair if [P,Q] = 1.
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Definition 2.1: A Jacobian pair P,Q € K|z, y] is called a reduced Jacobian
pair if:

P=2"+ Pn—l(y)xn—l +- 4t PO(y)v

Q=2"+Qm2(y)r" >+ -+ Qo(y) and m>2.

It is easy to see that every Jacobian pair P, § with deg @ > 2 can be brought to
this form with the help of several linear and triangular automorphisms of K|z, y].
So in our treatment of the Jacobian Conjecture, we can concentrate our attention
on reduced Jacobian pairs.

Let P,Q € K|z, y] be a reduced Jacobian pair. It will be convenient to consider

P as a formal power series in z, including the negative powers:
P=ga"+Poa(y)e" '+ + Po(y) + Poa(y) ™ + -+ -.

We should, of course, keep in mind that P;(y) = 0 for i < 0. @, on the other
hand, will be written in the standard polynomial form:

Q=2"+ Qm-2(y)z™ 2+ - + Qo).

THEOREM 2.2: There exist F,,..., Fi_pm € K|2m—2, ..., 2] such that:
() F={Fu....,Fiom} €T} 2,

(ii) Pi(y) = Fi(@m-2(y),.--,Qo(y)), 2—-m <i<n,

(ili) From(Qm-2(y), -, Qo(y)) = y/m.

Proof: First we will prove the following statement: For every s,2 —m < s < m,
there exists a Toeplitz sequence F = {F,,..., F,} € T, _, such that P;(y) =
Fi(Qm-2(y);---,Qo(y)) for s <i<m.

We will prove this statement by induction on n — s. Note that P,(y) = 1 and
{1} € T ,,_5. So our statement is true for s = n. Now assume that it is true for
some s + 1. We will prove that it is then true for s, if s > 2 — m. Consider the
equation [P, Q] = 1. Since, by our convention, P is a power series in = and Q is
a polynomial, we can expand [P, Q] into a power series in z:

n+m—2

[PQI= ) Ady)e?,

d=-—-00
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where A4(y) are some expressions containing the coefficients P;(y), Q;(y) and
their derivatives. It is easy to verify that

Ad(y) = —mPi_p1 W) + Y {{d=m+1+ ) Pa—m145(¥) Qe () —
j=2

- (m - j) Pé—m+1+j(?/)Qm—j(y)} .

Since [P,Q] = 1, we know that A4(y) = 0 for d > 0 and Ag(y) = 1. Take
d=m+s—1;d>0since s > 2 — m. We then obtain the following equation:

m

(1) mPy) =D (4 5)Pots(@)Q@m—;(¥) = (m = §)Piy;(¥)Qum—; ().

=2

.,

Here we assume, of course, that Py ;(y) =0 for s + j > n.
We will integrate this equation, using our induction hypothesis. By this hy-
pothesis there exists a Toeplitz sequence

{Fyer s Fop1} € Tyymes
such that Py ;(y) = Fepj(@m—2(y),...,Qo(y)) for j > 1. Thus

S 2Bt 0 o) s Qo(0) @ s®)

P;H W) = 6zm_

and equation (1) can be rewritten as follows:

mPs’ = Z(s + j)Fs+J'(Qm—2a ceey QO)Q’m_j

j=2

- Z<m D@ Z L4 Qs -, Q0@

azm_

(2)

Replacing j by k in the first sum and changing the order of summation in the

second sum, we obtain

N (s+k
Psl = Z { m Fs+k(Qm—21 . '7Q0)
k=2

(3)

OF, ;
~Zm LGy 5 Qs ,Qo)}Qm_k
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Since the functions Fsy; are terms of a Toeplitz sequence, it follows from

Definition 1.1 that
OFsy; OF gtk

Bzm_k - 8zm_j'

Therefore

L = (s+k
Ps = Z{ m F3+k(Qm—2ﬂ- "’QO)
2

-3
Bzm_j

- Z mm_]Qm 8Fs+k: (Qm—?a-"aQO)}Q;n—k-
7=2

By Proposition 1.4 there exists Fy(zm—g,...,20) such that {F,,..., Fs;, F,} is
a Toeplitz sequence. Using again Definition 1.1 we obtain

s+k T m—j OFyyr  OFsix_a oF,
Fs - m-—j = = .
th Z ? J (9Zm_j 3Zm_2 82m—k

=2
Therefore
~. OF, '
Pl = 2 ‘a—Z:;(Qm-% oy Q0)Qrm k-
k=2
In other words dF
Pr(y) = Eo@m2),. - Qov))

dy
Since F; is defined up to an additive constant (Lemma 1.3), we obtain that
Py(y) = F5(Qm-2(y), ..., Qo(y)) and the induction step is concluded.
So now we have a Toeplitz sequence {Fy,..., Fa_,} such that

P(y) = Fi(Qm-2(y),-..,Qo(y)) for2-m<i<n.

Note that F;(Qm—2(y),...,Qo(y)) =0 for 2 —m < i < 0. If we apply the same
method to s = 1 - m, we obtain an analog of equation (1):

(5) 14mP_, =Y (1=m+)Pioms;Qmej — (M= §)P|_ 4 ;@mj-

Integrating equation (5) in the same way as we did before, we obtain

(6) _71; + Pl'_m(y) _ dF1~m(Qm—2(5), ceey QO(y))
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or

(7) y + Pl—m(y) = Fl—m(Qm—?(y)’ v ’1Q0(y))'

m
But P;_,(y) = 0 since m > 2. Therefore

Fl—m(Qm——il(y)a [ERE) QO(y)) = %

This concludes the proof. |

Theorem 2.2 supplies necessary conditions for P, @ to be a reduced Jacobian
pair. In fact, these conditions are sufficient as well.

THEOREM 2.3: Set P = 2™ + P,_1(y)z" 1 + -+ + Po(y) and set
Q=2"+Qm-2¥)z™ *+ -+ Qo(y), m>2.

Then the following are necessary and sufficient conditions for P, Q to be a Jaco-
bian pair:

There exists a Toeplitz sequence {F,,..., Fi_,,} with the following properties:
() Pi(y) = Fi(Q@m-2(y),---,Qo(y)) for 0<i<n,

(i) Fi(Q@m-2(y),-.-,Qo(y)) =0 for 2—m <i <0,

(iit) F1-m(@m-2(y),---, Qo(y)) = &.

Proof: The necessary part follows from Theorem 2.2. To prove that the condi-
tions are sufficient, we simply reverse the proof of Theorem 2.2 (all steps in this

proof are reversible). This concludes the proof. ]

Recall now the basis By ,.,..., Bi ..., B’,j,r for T, (this basis was constructed
in Section 1).

n—t
pr——
Bltc,r = {Oa e ',Oa Gt,ta teey Gk,t}-
Our Toeplitz sequence F = {F,,...,Fi_,} can be written as a linear combina-
tion of the elements of this basis: F' = E?:l—m ctBi—m,m—Z or, in other words,

n
Fi=Y &Giy, 1-m<i<n, c,=1

t=1
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Thus, we obtain m + n — 1 equations with m + n — 1 indeterminate constants:

R(y) = thGi,t(Qm—2(y)a o 'yQO(y))a 0<i<n-1,

t=1

0="Y cGit(Qm-2(¥)---, Qo¥), 2-m<i<O,

t=1
n

Lo 3 Gl @nealt) - Qolo)

t=1—-m

If we consider only the last m—1 equations, we obtain a system of m—1 equations
with m + n — 1 indeterminate constants:

thGi,t(Qm—Z(y)a o Qo(y)=0, 2-m<i<0,
(8) =

n

y
Z ctG1-mt(@m-2(¥), .-, Qo(y)) = o
t=1-m
PROPOSITION 2.4: Set Q@ = 2™ + Qm-2(y)r™ 2+ -+ Qo(y), m > 2. The poly-
nomial @ has a monic in x Jacobian mate of x-degree n iff there exist constants
Clem; - - -, Cn Satisfying the system (8).
Proof:

(i) If such a Jacobian mate exists, then the existence of the constants follows

from Theorem 2.3.

(ii) Assume that ¢j_m,...,c, satisfy system (8). Then we can define F;
Z?:i ¢tGi¢ for ¢ = 1 —m,...,n. These functions form a sequence F =
{F,,...,Fi-»}. The sequence F is, obviously, a Toeplitz sequence since F =
Yotetom CtBl o m—o and {Bf_, o} form a basis in T{" . . _,.

Set now Pi(y) = Fi(Qm-2(¥),...,Qo(y)) for 0 < ¢ < n and set P = z" +
P._1(y)z" "1+ -+ Po(y). Then [P, Q] = 1 by Theorem 2.3. This concludes the
proof. n

Remark: There is another way of looking at the polynomials G;,(z-,..., 20)
(see Section 1). Consider the following polynomial:

G(Z‘,Zr,...,ZO) = g™+? +z2" + -+ 2.
It is convenient to rewrite it as

G(zy2py...,20) = g1+ 74+ zo.'z:"‘z).
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Now we can construct some fractional powers of G(z, z,, ..., 29) as formal power

series in = including negative powers of x:

(9) Gt/(r+2 Z Gz t(zr, ,ZO)

1=—00
It is easy to see that the coefficients G; ; appearing in this expansion are identical
with the polynomials G; ; defined in Section 1. Let < G/("+2 >, denote the
finite portion of the expansion (9) starting from k:

t
(10) <G 5= "Giulzr, ..., 20)7"
i=k
We will call expressions of this form truncated fractional powers of G.
Returning to Proposition 2.4 we now see that

P(y) =thG¢,t(Qm_2(y),...,Qo(y)) and

t=1

Z Pi(y)z' =Y > cGit(Qm-2(y),- -, Qo(y))*

=0 1=0 t=i
n t

=) ¢t ZGi,t(Qm—2(y) - Qo(y))z' = th < Q(z, ?J)t/m >0 -

t=0 =0 t=0

Thus P is a linear combination of truncated fractional powers of Q. If we con-
sider the whole system of equations appearing in Proposition 2.4, we obtain the

following:

P(‘Tay) + %xl—m = Z ¢ < Q(zay)t/m >1-m -

t=1—-m

3. The fundamental system for P,Q

Recalling Theorem 2.3, we see that in order for P, Q to be a reduced Jacobian

pair, the coefficients Q;(y) of @ must satisfy a system of polynomial equations:

F1(Qm-2(y),..-,Qo(y)) =

F2—M(Qm—2(y)’ CEE) Qo(y)) =
Fiom(Qm-2(y),---, Qo(y)) = y/m,
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where F;(zn-2,...,2p) are terms of a certain Toeplitz sequence. This system
will be called the fundamental system for the pair P, Q.

The fundamental system has some very interesting properties. Let
S(zm~2,---,29) denote the Jacobian matrix

JF;
[—], l-m<i<-1, 0<j<m-2.
(92:]‘

Set S(y) = S(Qm—2(¥),.-.,Qo(y)) and set A = detS(y). (Both S and S are
square m — 1 X m — 1 matrices.)

Let V(y) denote the column vector of derivatives:

m—2(¥)
Viy) = :
Qo(y)
Differentiating the system (11) with respect to y, we obtain the following matrix
equation:
0
(12) SV =| :
1

The immediate consequence of this is:
LEMMA 3.1: The derivatives Q) _5(y),...,Q0(y) do not vanish simultaneously.
Proof: Obvious. 1

It is easy to see that both S(2m_3,...,20) and S(y) are Toeplitz matrices. It
follows immediately from the definition of a Toeplitz sequence. The fact itself
was the reason for the name “Toeplitz sequence”. We will use this fact now.

THEOREM 3.2: S(y) is an invertible matrix, the entries of S~ (y) are polynomials
iny and A = const # 0.

Proof: Let A; denote the following row vector:

OF;
az‘m—2

(Qm-z(y),---,Qo(y))a-u,%(Qm-z(y),--on(y)) .
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We have from Definition 1.1:

gf:i (@m—2(3), -, Qo(v)) Ff(Qm—2(y), 0 Qo(y), 0<j<m -2,
(i) 3;9: 2(Qm 2(y), ..., Qo(y)) = Z+2 Fi19(Qm-2(y),--.,Qo(y))

-5 L0, 0

Ifi = ~2, then X2 = 0,and if 1-m < i < —2, then Fi15(Qm—2(3),--.,Qo(¥)) =
0 according to system (11). In any case:

OF;
i) 5 —(Qmozlu)s- - Qo(v))
Zm—2
j BF,
= - Z ;Q](y +2(Qm 2(9), -+, Qo(y))
j=
—~ j OF; .
= - Z LQi1) 5, (Qm-2(v), - Qolw)), 1-m i< -1.
Set
0 1 0 0
~222 Qu-z 0 1 0
T=1|
1
—m @1 0 0
Then we obtain from (i) and (iii) that
Ai=Ai+1T="'=A_1T_1_i, 1—m§z§ -1.
Consider the column vector
m—-2

Qo
It follows from (12) that

AT VYV =0, forl-m<i<-1,

1
AT %V = =,
m
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Let By denote the column vector 7%V, 0 < k <m —2. Set B = (By,..., Bm_2)
— the m — 1 x m — 1 matrix, whose columns are vectors By. Then it is easy to
see that

* % % 3|~

n
&
It

* *SIH

3=

m—1

Therefore A - detB = [-%] and A and detB are non-zero constants. This

concludes the proof. |

4. Some partial cases

The last equation of the fundamental system (11} implies that
K[Qm-2(y),...,Qo0(y)] = K[y]. Thus, we have an embedding of a line into
K™=1. We will use this fact in the proof of the following result (cases (i) and
(ii)):

THEOREM 4.1: Let @ = 2™ + Qx(y)z* + Q.(v)x",m > k > r. If Q has a
Jacobian mate P = z™ 4+ P,_1(y)z"" ' + -+ + Py(y), then K[P,Q) = K|z, y].

Proof: We will consider several cases:

(i) m=2

In this case the result is very simple and well-known. We will give a proof for
the sake of completeness. If m = 2, then @ = z% + Q1(y)z + Qo(y). Using the
automorphism z — = — 9%9, ¥y — ¥, Q is reduced to the form z? + Qo(y) and
the last equation of the fundamental system (11) is F_,(Qo(y)) = ¥. Therefore
Qg(y) =ay+ B,a € K*,3 € K. The rest is obvious.

(ii)y m>2,r=0,k>1

Q =z™ + Qi(¥)z" + Qo(y)

In this case Q@ = ¢o € K*. Indeed, assume that Qf(a) = 0 for some @ € K. Then
Q:(0, ) = Q4(0,) = 0, which is impossible since @ has a Jacobian mate. So
Qo = coy+8, Q. = 2% 1 (mz™ % +kQ,), Qy = @)z* +co. Then the polynomials
maz™* + kQy and Q'.x* + ¢y cannot have common zeroes, which easily implies
that

Resz(mxm_k + ka,Q;x"‘ +c)=X€ K,
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This resultant is m x m and has the following form:

m 0...0 . ka 0 ...0
0 mo... 0 kEQr 0 ...0
0 ...0 m O......... 0 kQu
;c 0 0 Co

0 .0 @, O..o..... 0 ¢

If Q) # 0, then its leading term is, obviously, given by (kQx)*(Q%)™*. Therefore
kdeg Qr + (m — k)(deg Qx — 1) = 0 or mdeg Qx — m + k = 0, which is impossible
since k > 0. Thus @}, =0,Qk = cx € K and Q = 2™ + cxz* + coy + 8. The rest
easily follows.

(i) m>2,r=0k=1

Q=2"+Q1([¥)r+Qo(y), Q:=mz™'+Q1, Q,=Qiz+ Q)

Then, as previously, Res(Q:,Qy) = A € K*.
The resultant has the following form:

Q Q 0 .. 0
0 Q Q 0 ... 0
0. o ... 0 Q, Q@
Thus
(13) A=mQy 4 (-1 QTN

Let dy = degQop,d; = deg@;. Assume first that d; # 0,dg # 0. The last
equation of (11) implies that the map y — (Q1(y), Qo(y)) is an embedding of K
into K2. Then, by the Abhyankar-Moh Theorem (see [1]), either d; divides dy or
dp divides d;. On the other hand, from (13), (m—1)(do—1) = dy +(m~1)(d; -1)
or (m — 1)dyp = md,, which is impossible since m > 2. Therefore either d; = 0
or dg = 0. If dg = 0, then dy + (m — 1)(d; — 1) = 0, which is impossible. Thus
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di=0,Q)=0anddy=1. SoQ, =c; € K and Qo = coy + B,¢c0 € K*,8 € K.
Hence Q = 2™ + c1x + coy + [ and the rest easily follows.

(ivyim>k>r>0

If r > 1, then Q.(0,y) = Q4(0,y) = 0. Therefore r = 1,Q = z™ + Qiz* + Q,z.

Qe =mz™ ' +kQrz* ' + Q1, Qy = Qiz* + Q).

If there exists a € K such that @;(a) = 0, then Q.(0,a) = Q,(0,a) = 0, which
is impossible. Thus @; =¢; € K,

Q=z(™ '+ Q" +e1), Qo=mz™ T +kQrz* ! 4y, Qy = Qiz*.

If there exists a € K such that Q(a) = 0, then Q,(z,a) = 0 for every z.
Hence @Q.(x,a) cannot have zeroes, which is impossible since m > 2. Therefore
Qr = cky + B,cx € K*, B € K. Hence Q@ = 2™ + (cky + B)z* + c1z. Consider
the following automorphism 7 of K|z, y]:

1 -
T: I —ckT, y—»ac-(y—(ck:c)mk—ﬁ).

It is easy to see that 7(Q) = cfyz* + cickz and it is very easy to prove by
standard methods that 7(@) cannot have a Jacobian mate. This concludes the

proof. |

5. Some conjectures and observations

What properties of @ were used in the proof of Theorem 4.17 In fact we used

only two facts:

L. K[Qk(y)7 Qr(y)] = K[y]a
2. Resz(Q:,Qy) = A€ K*.

It is a well-known fact (see [4] for example) that if @ is a member of a Jacobian
pair, then res;(Q., @) = non-zero constant. In the case m = 3 there is a striking
similarity between this resultant and detB = —(Q’g +3Q:Q f) which is also a
non-zero constant. We would like to state the following:

CONJECTURE: Res;(Q:,Qy) = adetB, a #0.

Suppose now that Res.(Q.,Qy) is a non-zero constant and

K[Qm-2(),...,Qo(y)) = K[y].
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These are the only properties of @ used in the proof of case (iii) of Theorem 4.1.
Are these properties sufficient for the general case? The answer to this question

is no, as can be easily seen from the following counter-example:
Q=z+yz*+2, m>3, m-1>k>1

The Abhyankar-Moh Theorem played a very important role in the proof of
Theorem 4.1. There exists a well-known generalization of the Abhyankar-Moh
Theorem for embeddings of a line into K" for » > 3 (see [5]). Namely: If
K[Ai(y),...,A:(y)] = K][y], then there exists an automorphism 7 of K[z1, .. ., 2|
such that 7(2;)) = Pi(z1,...,2.),1 < ¢ < r, and F(0,...,0,y) = Ai(y).
Unfortunately, there are no simple relations between the degrees of A;’s if r > 3.
So, the question arises of how to use this generalization of the Abhyankar-Moh
Theorem for the proof of the general case of the Jacobian Conjecture for K[z, y)
in a manner similar to Theorem 4.1.
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